In a weighted majority voting game, the weights of the players are determined based on some socio-economic parameter. A number of measures have been proposed to measure the voting powers of the different players. A basic question in this area is to what extent does the variation in the voting powers reflect the variation in the weights? The voting powers depend on the winning threshold. So, a second question is what is the appropriate value of the winning threshold? In this work, we propose two simple ideas to address these and related questions in a quantifiable manner. The first idea is to use Pearson's Correlation Coefficient between the weight vector and the power profile to measure the similarity between weight and power. The second idea is to use standard inequality measures to quantify the inequality in the weight vector as well as in the power profile. These two ideas answer the first question. Both the weight-power similarity and inequality scores of voting power profiles depend on the value of the winning threshold. For situations of practical interest, it turns out that it is possible to choose a value of the winning threshold which maximises the similarity score and also minimises the difference in the inequality scores of the weight vector and the power profile. This provides an answer to the second question. Using the above formalisation, we are able to quantitatively argue that it is sufficient to consider only the vector of swings for the players as the power measure. We apply our methodology to the voting games arising in the decision making processes of the International Monetory Fund (IMF) and the European Union (EU). In the case of IMF, we provide quantitative evidence that the actual winning threshold that is currently used is sub-optimal and instead propose a winning threshold which has a firm analytical backing. On the other hand, in the case of EU, we provide quantitative evidence that the presently used threshold is very close to the optimal.
Introduction
Voting is arguably the most important aspect of decision making in a democratic set up. A committee settles an issue by accepting or rejecting some resolution related to the issue. While unanimity or consensus is desirable, this may not always be possible due to the conflicting interests of the different committee members. In such a situation, a voting procedure among the members is used to either accept or reject a resolution. A resolution is accepted or passed, if a certain number of persons vote in its favour, else it fails and is rejected.
In its basic form, each committee member has a single vote. Many scenarios of practical interest, on the other hand, assign weights to the committee members. These weights need not be the same for all the members. In the context of weighted voting, a resolution is accepted, if the sum total of the weights of the members who vote in its favour cross a previously decided upon threshold. A common example of weighted voting is a company boardroom, where the members have weights in proportion to the shares that they hold in the company. Important examples of weighted voting in the context of public policy are the European Union (EU) and the International Monetary Fund (IMF).
Voting procedures have been formally studied in the game theory literatue under the name of voting games. Due to its real life importance, weighted majority voting games have received a lot of attention. In the literature on voting games, the members are called players. One of the basic questions is how much influence does a player have in determining the outcome of a voting procedure? In other words, what is the power of a player in a voting game? In quantitative terms, it is desirable to measure the power of a player in a voting game by assigning a non-negative real number to the player. A power measure assigns such a number to each player in the game. This leads to the basic question of what constitutes a good measure of power of a player in a voting game. The literature contains a number of power measures. Each one of these measures aim to capture certain aspects of the informal notion of power in a voting game. We refer to (Felsenthal and Machover, 1998) for a comprehensive discussion to voting games and the various power measures. An introduction to the area can be found in (Chakravarty et al., 2015) .
Consider the setting of weighted majority voting games. For any such game, the players are assigned weights based on socio-economic parameters. As a result, there is a variation in the weights of the players. Further, given any power measure, we obtain a variation in the powers of the different players. It is well known that the variation in the voting powers does not necessarily reflect the variation in the weights. In this context, the following three questions can be formulated.
1. To what extent does the variation in the voting powers reflect the variation in the weights? 2. Is the inequality present in the weights preserved in the voting powers? 3. How does the value of the winning threshold (i.e., the threshold which is required to be crossed for a motion to be passed) affect the above two questions?
This work addresses the above questions. The questions posed are not merely theoretical. Similar questions have been posed in (Leech, 2002b) in the context of measurement of voting power in IMF. For example, the following text fragments appear in (Leech, 2002b) . "... weighted voting raises the important question of whether the resulting inequality of power over actual decisions is precisely what was intended for the relationship between power and contribution." "How does the voting power of individual countries compare with their nominal votes? To what extent is the degree of inequality in the distribution of votes reflected in the distribution of voting power?" "Different types of decisions use different decision rules, some requiring a special supermajority. What effect do different decision rules have on the distribution of power and also on the power of the voting body itself to act?"
The work (Leech, 2002b ) makes a qualitative analysis of the above issues. Our work allows a quantitative analysis of these issues. In more details, our work makes the following contributions.
Measurement of similarity between weights and voting powers. We propose the use of Pearson's correlation coefficient as a measure of similarity between the weight vector of the players and the vector of voting powers of the players.
Measurement of inequality in weights and voting powers.
There is a large literature on the measurement of inequality in a vector of values obtained from measurement of various social parameters. A survey on measurement of inequality appears in (Cowell, 2016) . The variation of the values in such a vector is captured by an inequality index. A number of inequality indices have been proposed in the literature. We propose the use of such inequality indices to measure the inequality in the weights and also in the voting powers. This allows the comparison of the inequality present in the weights to that present in the voting powers.
Winning threshold as a controllable parameter. Our formalisations of both the similarity between the weights and the voting powers as well as the measurement of inequality in the voting powers have the winning threshold as a parameter. By varying this parameter, both the weight-power similarity and the voting power inequality can be controlled. So, given a vector of weights, the winning threshold can be set to a certain value to maximise the weight-power similarity or, to minimise the difference between the inequality in the weights and the inequality in the voting powers.
In this context, we would like to discuss the broader issue of designing games to achieve certain desirable power profiles. This is often called the inverse problem for voting games. Usually the goal is to determine a set of weights which result in the target powers. For example, in the context of the IMF voting game, an iterative algorithm to determine weights has been proposed in (Leech, 2002b ). There is one major drawback of this approach. As mentioned earlier, in a weighted majority voting game, the weights often represent a socio-economic parameter. When the weights are artificially obtained (say, using an iterative algorithm), their interpretation in the socio-economic context is lost. It then becomes hard to provide a natural justification of the weights.
Our approach of having the winning threshold as a controllable parameter provides an alternative method of designing games. For the complete specification of a game, both the weights and the winning threshold need to be specified. In our approach, the weights do not change and hence they retain their original interpretation arising from the background socio-economic application. We only suggest tuning the winning threshold so that the resulting power profile is "imbued" with the intuitive natural justification of the weights. Games designed using such an approach can be much better explained to the general public than games where the weights are artificially obtained.
Detailed study. We consider seven different voting power measures and two different inequality indices. We show that the scaling invariance property of an inequality measure as well as that of the Pearson's correlation coefficient divides the voting power measures into three groups. The nonnormalised Banzhaf measure, the normalised Banzhaf index and the two Coleman measures fall into one group; the public good measure and public good index defined by Holler fall into a second group and the Deegan-Packel measure is in the third group. We show that any two power measures in the same group have the same behaviour with respect to both the similarity index and the inequality index. This brings down the complexity of the analysis.
There has been a lot of discussion in the literature on the comparative suitabilities of the Banzhaf and the Coleman indices (Banzhaf, 1965; Brink and Laan, 1998; Coleman, 1971; Dubey and Shapley, 1979; Laruelle and Valenciano, 2001; Lehrer, 1998; Laruelle and Valenciano, 2011; Barua et al., 2009 ). This discussion has both been qualitative and also formal in the sense of axiomatically deriving the indices (Brink and Laan, 1998; Lehrer, 1998) . Our work provides a new perspective to this discussion. The stand-alone values of the powers of the players as measured by any power measure are perhaps not of much interest by themselves. It is only in a relative sense that they acquire relevance. There are two ways to consider this relative sense, in comparison to the weights and in comparison among themselves. We propose to quantify the relative notion in comparison to the weights by the correlation between the weight vector and the power profile and to quantify the relative values of the powers among themselves by an appropriate inequality score. Under both of these quantifications, we prove that the Banzhaf and the Coleman power measures turn out to be the same. Based on this result, we put forward the suggestion that there is perhaps no essential difference between these power measures. It is sufficient to consider only the swings for the different players as was originally proposed by Banzhaf (and sometimes called the raw Banzhaf measure). While this may sound a bit radical, our analysis based on correlation and inequality does not leave scope for any other consideration. It is of course possible that there is some other quantifiable way of distinguishing between the relative spreads of the Banzhaf and the Coleman measures. This can be a possible future research question.
The literature contains a number of voting power measures which have been proposed as fundamentally different from the swing based Banzhaf measure. Intuitive arguments have been forwarded as to why these measures are appropriate for certain applications. In our opinion, a basic requirement for any power measure is to reflect the "content" of weights. In addition to the Banzhaf measure, we have also considered the Holler measures and the Deegan-Packel measure. Our simulation experiments as well as computations with real-life data shows that the "content" of the weights is best captured by the Banzhaf measure and neither the Holler measure nor the Deegan-Packel measure are good indicators of this "content". Based on this evidence, we put forward the suggestion that it is sufficient to consider the swings as the only measure of power in voting games.
Applications. IMF decision making procedures have been modelled as voting games (Leech, 2002b) . Decision making in the EU has also been discussed in the context of voting games (Leech, 2002a) .
The notions of similarity between the variations in the weights and the voting powers as well as the relation between the inequality in the weights and that in the voting powers have been informally discussed. Our proposals for measuring weight-power similarity and the voting power inequality formalises this intuition. We compute the various measures for the IMF game and (a simplified version of) the EU voting game and suggest that the winning threshold can be used as a parameter in achieving target values of similarity or inequality.
In both the IMF and the EU voting games, there is a "natural" justification for assigning weights to the different players. In the context of IMF, the weights reflect the proportion of financial contribution made by the different countries while in the case of EU, the weights reflect the population of the different countries. This is reasonable, since the IMF is a financial organisation while the EU is essentially a political organisation. In both cases, however, the choice of the winning threshold is not backed by any quantifiable parameter.
Our work provides methods for choosing a winning threshold which has a quantifiable justification. There are two options. In the first option, one should choose a value of the winning threshold which maximises the correlation between the weight vector and an appropriate power profile. In the second option, one should choose a value of the winning threshold which yields an inequality score for an appropriate power profile which is closest to the inequality score of the weight vector. In both the cases of IMF and EU, both the options lead to similar values of the winning threshold. Based on this analysis, we put forward the suggestion that the voting rule for IMF should be modified to reflect the optimal value of the winning threshold. In the case of EU, our results provide evidence that the presently used winning threshold is close to the optimal value.
Previous and Related Works
The Shapley-Shubik power index was introduced in (Shapley, 1953; Shapley and Shubik, 1954) , Banzhaf index was introduced in (Banzhaf, 1965) while Coleman indices were introduced in (Coleman, 1971) . Later work by (Holler, 1982) and (Holler and Packel, 1983) introduced the public good measure/index. Deegan and Packel introduced another power measure in (Deegan and Packel, 1978) . There are other known measures/indices and we refer to (Felsenthal and Machover, 1998; Chakravarty et al., 2015) for further details.
The first work to address the problem of inequality in voting games is (Einy and Peleg, 1991) . They provided an axiomatic deduction of an inequality index for the Shapley-Shubik power measure. A more general axiomatic treatment of inequality for power measures appears in a paper by (Laruelle and Valenciano, 2004) . This work postulates axioms and deduces an inequality measure for a class of power indices which includes the Banzhaf index. A more recent work by (Weber, 2016) suggests the use of the Coefficient of Variation as an inequality index for measuring inequality arising from the Banzhaf index. Later we provide a more detailed discussion of the relationship of these prior works to our contribution.
Preliminaries 2.1 Voting Games
We provide some standard definitions arising in the context of voting games. For details the reader may consult (Felsenthal and Machover, 1998; Chakravarty et al., 2015) . In the following, the cardinality of a finite set S will be denoted by #S and the absolute value of a real number x will be denoted by |x|.
Let N = {A 1 , A 2 , . . . , A n } be a set of n players. A subset of N is called a voting coalition. The set of all voting coalitions is denoted by 2 N . A voting game G is given by its characteristic function G : 2 N → {0, 1} where a winning coalition is assigned the value 1 and a losing coalition is assigned the value 0. Below we recall some basic notions about voting games.
For any S ⊆ N and player
2. For a voting game G, the number of swings for A i will be denoted by m G (A i ).
A player
4. For a voting game G, the set of all winning coalitions will be denoted by W (G) and the set of all losing coalitions will be denoted by L(G).
A coalition S ⊆ N is called a minimal winning coalition if G(S) = 1 and there is no
6. The set of all minimal winning coalitions in G will be denoted by MW(G) and the set of minimal winning coalitions containing the player A i will be denoted as MW G (A i ).
A voting game G is said to be proper if for any coalition
In other words, in a proper game it is not allowed for both S and its complement to be winning.
Definition 1 Consider a triplet (N, w, q), where N = {A 1 , . . . , A n } is a set of players; w = (w 1 , w 2 , . . . , w n ) is a vector of non-negative weights with w i being the weight of A i ; and q is a real number in (0, 1).
The triplet (N, w, q) defines a weighted majority voting game G given by its characteristic function G : 2 N → {0, 1} in the following manner. Let w S = A i ∈S w i denote the sum of the weights of all the players in the coalition S ⊆ N . Then
We will write G = (N, w, q) to denote the weighted majority voting game arising from the triplet (N, w, q).
For a weighted majority voting game G = (N, w, q) to be proper, it is necessary that q > 0.5. For the technical analysis of weighted majority voting games, we do not restrict to proper games. When considering applications, as is conventional, one should consider only proper games.
Voting Power
The notion of power is an important concept in a voting system. A power measure captures the capability of a player to influence the outcome of a vote.
Given a game G on a set of players N and a player A i in N , a power measure P associates a nonnegative real number v i = P G (A i ) to the player A i . The number v i captures the power that A i has in the game G. If A i ∈G P G (A i ) = 1 for all games G, then P is called a power index. In other words, for a power index the powers of the individual players sum to 1.
A widely studied index of voting power is the Shapley-Shubik index. This index, however, is defined for a voting game where the order in which the players cast their votes is important. In our application of voting power to the voting games arising in the IMF and EU decision making processes, the order of casting votes is not important. So, we do not consider the Shapley-Shubik index in this work. Below we provide the definitions of some of the previously proposed power measures. See (Felsenthal and Machover, 1998; Chakravarty et al., 2015) for further details.
Banzhaf Power Measures. The raw Banzhaf power measure BR G (A i ) for a player A i in the game G is defined as the number of distinct coalitions in which A i is a swing. Hence,
The non-normalized Banzhaf power measure BZN G (A i ) is defined as follows.
The Banzhaf normalized power index BZ G (A i ) is defined as follows.
Coleman Power Measures. The Coleman preventive power measure CP G (A i ) for a player A i in the game G is a measure of its ability to stop a coalition S from achieving w S ≥ q. It is defined as follows.
The Coleman initiative power measure CI G (A i ) for a player A i in the game G is a measure of its ability to turn an otherwise losing coalition S with w S < q into a winning coalition with w S∪{A i } ≥ q. It is defined as follows.
Holler Public Good Index. Holler proposed the public good index PGI A i (G) as follows.
.
The non-normalized version of PGI A i (G) is called the absolute public good measure. It is defined as
Deegan-Packel Power Measure. The Deegan-Packel power measure DP G (A i ) for a player A i in the game G is defined to be
Power Profile. Suppose P is a measure of voting power. Then P assigns a non-negative real number to each of the n players in the game. So, P is given by a vector of non-negative real numbers. This vector is called the P-power profile of the game.
Computing Voting Powers. A weighted majority voting game G = (N, w, q) is completely specified by the set of players N , a weight vector w and the threshold q. Given this data, it is of interest to be able to compute the P-power profile for any power measure P. There are known dynamic programming based algorithms for computing the values of the different voting power indices. We refer to (Matsui and Matsui, 2000; Chakravarty et al., 2015) for an introduction to algorithms for computing voting powers. In our work, we have implemented the algorithms for computing the P-power profiles where P is any of the power measures defined above.
There is a large literature on voting powers. The various indices mentioned above have been introduced to model certain aspects of voting games which are not adequately covered by the other indices. There have been axiomatic characterisations of these indices. A detailed discussion of the relevant literature is not really within the focus of the present work. Instead we refer to the highly respected monograph (Felsenthal and Machover, 1998) and the more recent textbook (Chakravarty et al., 2015) for such details. Our concern in this work is how to quantify the efficacy of any particular voting power measure that one may choose for a particular application.
Pearson's Correlation Coefficient
Given vectors w = (w 1 , . . . , w n ) and v = (v 1 , . . . , v n ), Pearson's correlation coefficient is the standard measure of linear correlation between these two vectors. It is defined as follows.
Here µ w and µ v are the means of w and v respectively. From (1), it follows that for any two positive real numbers γ and δ,
The relation captured in (2) can be considered to be a scale invariance property of the Pearson's Correlation Coefficient.
Inequality Indices
The notion of inequality has been considered for social parameters including income, skills, education, health and wealth (Cowell, 2016) . There are several methods for measuring inequality. At a basic level, the idea of an inequality index I is the following. Given a vector a whose components are real numbers, I(a) produces a non-negative real number r. In other words, the index I assigns an inequality score of r to the vector a. There is a large literature on inequality indices including the measurement of multidimensional inequality (Chakravarty and Lugo, 2016; Chakravarty, 2017) . In this work, we will consider only basic inequality indices. Some of the most commonly used inequality indices are mentioned below. Given a vector a of real numbers, let µ a and σ a denote the mean and standard deviation of a. In the definition of the inequality indices below, we will assume that the entries of a are non-negative and µ a is positive.
Gini Index. The value of the Gini index of a vector a = (a 1 , . . . , a n ) is given by
Coefficient of Variation. For a vector a = (a 1 , . . . , a n ), the Coefficient of Variation is computed as the ratio of the standard deviation σ a to the mean µ a of a.
Generalised Entropy Index. The generalised entropy index is a measure of inequality based on information theory. For a real number α, the generalized entropy index GEI α (a) is defined in the following manner.
Here ln denotes the natural logarithm and µ + a denotes the mean of the positive entries in a. Also, note that for α = 0, 1 the sum is over positive values of a i as otherwise the ln function gets applied to 0. In other words, for α = 0 and 1, the computation of inequality considers only the positive entries of a. GEI 1 is called the Theil Index and GEI 2 is half the square of CoV.
Remark: For application to the context of voting powers, a power of zero implies that the player is a dummy. If GEI 0 or GEI 1 is used to measure inequality, then such dummy players will get ignored. As a result, the inequality in the power profile will not be adequately captured by these two measures. Due to this reason, GEI 0 and GEI 1 are not suitable for measuring inequality in voting powers. GEI 2 is half the square of CoV and will essentially spread out the value of CoV. The relevance of GEI k for k > 2 to the context of voting power is not clear. So, though we have computed, we do not report the values of GEI in this work.
Computing Inequality Indices. It is quite routine to implement an algorithm, which given a vector of non-negative quantities computes the values of the various inequality indices. In our work, we have implemented algorithms to compute the Gini Index and the Coefficient of Variation.
Desirable Properties of an Inequality Index. A few basic and natural properties have been postulated which any reasonable inequality measure should satisfy. Below we mention these properties. See (Cowell, 2016) for more details. Let I be a postulated inequality index and a = (a 1 , . . . , a n ) be a vector of non-negative real numbers.
Let π be a bijection from {1, . . . , n} to itself, i.e., π is a permutation of {1, . . . , n}. Define a π to be the vector (a π(1) , . . . , a π(n) ), i.e., a π is a reordering of the components of a. Anonymity (ANON): I is said to satisfy anonymity if I(a) = I(a π ) for all permutations π of {1, . . . , n}. Anonymity captures the property that inequality depends only on the (multi-)set of values {a 1 , . . . , a n }. Information related to ordering or labelling of these values using names are irrelevant for the measurement of inequality. Egalitarian Principle (EP): I is said to satisfy the egalitarian principle if I(a) = 0 for all a such that a 1 = · · · = a n . EP captures the property that the inequality is the minimum possible when all components of the vector a have the same value. Scale Invariance (ScI). I is said to satisfy scale invariance if I(a) = I(γa) for all real γ > 0. The idea behind scale invariance is that if all the values are scaled by the same factor then the inequality remains unchanged.
Let
. . . , a n , . . . , a n k   .
Population Principle (PP). I is said to satisfy the population principle if I(a) = I(a [k] ) for any integer k ≥ 1. The vector a [k] contains k copies of each of the values a 1 , . . . , a n . PP says that the inequality in such a vector remains the same as in the original vector, i.e., by replicating each of the components of the original vector the same number of times does not change the inequality. For 1 ≤ i < j ≤ n, let a i,j,δ be the vector (a 1 , . . . , a i−1 , a i + δ, . . . , a j − δ, a j+1 , . . . , a n ).
Transfer Principle (TP). I is said to satisfy the transfer principle if I(a) ≥ I(a i,j,δ ) for any 1 ≤ i < j ≤ n and δ > 0 such that a i < a j and a i +δ ≤ a j −δ. The transfer principle says that if δ units are transferred from a richer person to a poorer person without changing their relative ordering, then inequality cannot increase. Suppose a 1 , . . . , a k are vectors of dimensions n 1 , . . . , n k respectively with non-negative real entries. Let µ i be the mean of a i and define µ = (µ 1 , . . . , µ k ). Let a be the vector formed by concatenating the vectors a 1 , . . . , a k . Decomposability (Decom). I is said to satisfy decomposability if I(a) = k i=1 n i I(a i ) + I(µ). Decomposibility captures the following idea. The vector a is divided into k groups and inequality is measured for each of the groups. Further, the mean of each group is computed and inequality is computed for the vector composing of the means. The inequality for each group is 'within group inequality' whereas the inequality in the vector of means is some kind of 'across group inequality'. The index I satisfies decomposability if the overall inequality in the vector can be decomposed into a sum of 'within group inequality' and 'across group inequality'. The Gini Index, the Coefficient of Variation and the Generalised Entropy Indices satisfy ANON, EP, ScI, PP and TP. It has been shown (Shorrocks, 1980 ) that any index which satisfies ANON, ScI, PP, TP and Decom must necessarily have the form of a generalised entropy index for some value of α. ANON, EP, ScI and TP are natural properties that any inequality index should satisfy irrespective of the domain to which it is applied. PP becomes relevant in the context of variable population size. For voting games, the players constitute the population which is fixed. So, the application of PP to voting games is vacuous. On the other hand, it is not clear that Decom is necessarily a desirable property for all applications of inequality. In particular, it is not clear that Decom is relevant in the context of voting powers which is the focus of the present work.
Weight-Power Similarity
Let P be a measure of voting power. Suppose this is applied to a weighted majority voting game G = (N, w, q). Let v be the resulting power profile. It is of interest to know how similar the power profile vector v is to the weight vector w. Note that the power profile vector v depends on the winning threshold q. Based on the Pearson's correlation coefficient, we define the similarity index P-SI w (q) as follows.
where v is the power profile vector generated by the voting power measure P applied to the weighted majority voting game G = (N, w, q). So, for a fixed q, P-SI w (q) measures the similarity of the power profile vector to the weight vector by the correlation between these two vectors. Note that P-SI w (q) is a function of q. As, q changes, the power profile vector v will also change, though the weight vector w will not change. So, with change in q, the correlation between w and v changes. By varying q, it is possible to study the change in the correlation between w and v.
Theorem 1 Let G = (N, w, q) be a weighted majority voting game such that 0 < #W (G) < 2 n . Then for any q ∈ (0, 1) the following holds.
1. BZN-SI w (q) = BZ-SI w (q) = CP-SI w (q) = CI-SI w (q).
PGI-SI w (q) = PGM-SI w (q).
Proof: Let v = (m G (A 1 ), . . . , m G (A n )) be the vector of swings for the players A 1 , . . . , A n in the game G. Suppose v 1 , v 2 , v 3 and v 4 are the power profiles for G corresponding to BZN, BZ, CP and CI respectively. Then
In G, the values 2 n , j∈N m G (A j ), #W (G) and #L(G) are fixed. So, α 1 , α 2 , α 3 and α 4 are constants. Further, since 0 < #W (G) < 2 n , it follows that 0 < #L(G) < 2 n and so j∈N m G (A j ) > 0. This in particular means that α 2 , α 3 , α 4 > 0 and clearly α 1 > 0. So, using (2) we have
In a similar manner, it follows that BZ-SI w (q)= PCC(w, v), CP-SI w (q)= PCC(w, v) and CI-SI w (q)= PCC(w, v). The argument for PGI-SI w (q)= PGM-SI w (q) is similar.
From the viewpoint of weight-power similarity, Theorem 1 shows that it is sufficient to consider only BZ-SI w (q), PGI-SI w (q) and DP-SI w (q).
Measuring Inequality of Voting Powers
Let G = (N, w, q) be a weighted majority voting game. The weights of all the players are not equal. In fact, in several important practical situations, the voting game is designed in a manner such that the weights are indeed unequal. The inequality in the weights can be captured by applying an appropriate inequality measure. Suppose I is an inequality measure. Then I(w) is the inequality present in the weights.
Let P be a measure of voting power. Suppose P is applied to G to obtain the power profile vector v. Then v is a vector consisting of non-negative real numbers. The inequality in the vector v can be measured by the inequality index I as I(v). The value of I(v) depends on the winning threshold q whereas the value of I(w) does not depend on q. So, by varying q, it is possible to vary I(v) with the goal of making it as close to I(w) as possible. Then one can say that the inequality present in the weights is more or less reflected in the inequality that arises in the voting powers.
Given a weighted majority voting game G = (N, w, q), we define the weight inequality of G with respect to an inequality measure I as I-WI(w) = I(w).
We consider two different options for I, namely, GI and CoV. This gives rise to two different measures of weight inequality, which are GI-WI and CoV-WI. Given a weighted majority voting game G = (N, w, q), a voting power measure P and an inequality measure I, the power inequality of P as determined by I is denoted by (P, I)-PI w (q) and is defined in the following manner.
where v is the power profile vector generated by the power measure P applied to the weighted majority voting game G = (N, w, q). We have considered seven options for P, namely, BZN, BZ, CP, CI, PGI, PGM and DP. The following results shows that under a simple and reasonable condition on an inequality measure I, it is sufficient to consider only three of these.
Theorem 2 Let I be an inequality index satsifying scale invariance. Let G = (N, w, q) be a weighted majority voting game such that 0 < #W (G) < 2 n . Then for any q ∈ (0, 1) the following holds. 
(PGI, I)-PI w (q) = (PGM, I)-PI w (q).
Proof: As in the proof of Theorem 1, let v = (m G (A 1 ), . . . , m G (A n )) be the vector of swings and v 1 , v 2 , v 3 and v 4 be the power profiles corresponding to BZN, BZ, CP and CI respectively so that
where α 1 , α 2 , α 3 and α 4 are the positive constants defined in the proof of Theorem 1. Using the scale invariance of I we have
In a similar manner, it follows that (BZ, I)-PI w (q)= I(v) (CP, I)-PI w (q)= I(v) and (CI, I)-PI w (q)= I(v).
The argument for (PGI, I)-PI w (q)= (PGM, I)-PI w (q) is similar.
The Gini Index, the Coefficient of Variation and the Generalised Entropy Index satisfy the scale invariance property. Based on Theorem 2, if I is any of these indices, then from the viewpoint of power inequality, it is sufficient to consider (BZ, I)-PI w (q), (PGI, I)-PI w (q) and (DP, I)-PI w (q). For I, we will consider the Gini Index and the Coefficient of Variation. This means that we need to consider 6 possibilities.
Remark: Theorem 2 has been stated for weighted majority voting games. The crux of the argument is based on (9). This relation does require G to be a weighted majority voting game. So, it is possible to rewrite the proof to show that for general voting games (which are not necessarily weighted majority voting games), the inequalities of the different Banzhaf power profiles and the Coleman power profiles are all equal and also the inequality of the Holler public good index is equal to that of the Holler public good measure.
Comparison to previous works. The work (Einy and Peleg, 1991) on inequality in voting system is concerned with measuring inequality arising in the Shapley-Shubik power index. Since we do not consider this index in our work, we do not comment any further on the work in (Einy and Peleg, 1991) . Instead, we simply remark that our approach can also be applied to the Shapley-Shubik power index. (Laruelle and Valenciano, 2004) axiomatically derive an inequality index for a class of power indices which includes the normalised Banzhaf index. We note the following points about the work in (Laruelle and Valenciano, 2004 ).
1. The approach works only for an index, i.e., the sum of the powers must sum to one. So, for example it cannot be applied to measure inequality arising in either of the Coleman power measures.
2. The notion of power considered in the work is based on swings. So, the power measures given by PGI, PGM and DP are not covered by their work.
3. Among the axioms, ANON and EP are assumed and it is shown that the obtained measure satisfies ScI. On the other hand, PP and TP are not mentioned in the paper and it is not clear whether these two properties hold for the obtained measure.
4. Justification for one of the axioms (namely, Constant Sensitivity to Null Players) is not clear. In the discussion leading up to this axiom, the authors remark: "Thus, at this point any further step is questionable, though necessary to specify an index."
In view of the above, we feel that it might be preferable to study the behaviour of standard inequality indices on both power measures and power indices rather than relying on an axiomatically derived inequality index where at least one of the axioms does not necessarily have a natural justification. (Weber, 2016) considered the application 1 of the Coefficient of Variation to the measurement of inequality for essentially the normalised Banzhaf index. In contrast, we consider all the standard inequality indices and a much larger class of power measures/indices. Even for the Coefficient of Variation, the result that the scale invariance property implies that all the swing based measures have the same inequality is not present in (Weber, 2016) .
Variation of Similarity and Inequality with Winning Threshold
We have conducted some experiments to understand the dependence of the similarity and inequality indices of power profiles on the winning threshold.
In the first experiment, N was taken to be {A 1 , . . . , A 30 } and one hundred weight vectors were generated where the individual weights were chosen to be integers independently and uniformly in the range [1, . . . , 100]. For each of the 100 weight vectors w, the value of the winning threshold q was varied from 0.01 to 0.99 in steps of 0.01. For the game defined by the triplet (N, w, q), the power profiles for the different power measures were computed. From this, the similarity indices BZ-SI w (q), PGI-SI w (q) and DP-SI w (q) were computed and the inequality indices I-WI(w), (BZN, I)-PI w (q), (PGI, I)-PI w (q) and (DP, I)-PI w (q) were computed where I was taken to be GI and CoV. All the obtained results show a definite pattern.
A second experiment was conducted with n = 30 and non-random weights. In particular, two distinct values of weights were used, namely, n 1 of the weights were taken to be 100 and n 2 of the weights were taken to be 1 with n 1 + n 2 = 30. The value of q was varied as mentioned above and the corresponding similarity and inequality indices were computed. In this case, no definite pattern was observed and there was a rich variation in the behaviour.
To further explain the above experiments, we report three particular cases with n = 30.
Case-I:
A random weight vector. The actual value of w (after sorting into descending order) came out to be {93, 92, 90, 86, 86, 83, 82, 77, 72, 68, 67, 67, 63, 62, 62, 59, 49, 40, 36, 35, 35, 30, 29, 27, 26, 26, 23, 21, 15, 11}. The plots of similarity, Gini Index and the Coefficient of Variation are shown in Figures 1, 2 and 3 respectively.
Case-II: 15 of the weights were taken to be 100 and the other 15 of the weights were taken to be 1. The plots of similarity, Gini Index and the Coefficient of Variation are shown in Figures 4, 5 and 6 respectively.
Case-III: 29 of the weights were taken to be 100 and the other weight was taken to be 1. The plots of similarity, Gini Index and the Coefficient of Variation are shown in Figures 7, 8 and 9 respectively.
Based on the plots, we make the following observations.
1. For the random case, compared to the Holler index and the Deegan-Packel measure, the Banzhaf index is a much better marker of similarity to the weight vector and it also much better at capturing the inequality present in the weights. For the two non-random cases, there is not much difference between the three power measures.
2. For Case-II, there are sharp spikes in the similarity and inequality plots. These correspond to choices of q for which the low weight players achieve power similar to the high weight players.
3. For Case-III, there is one player with low weight. Apart from a small range of q where this player gains significant power, for other values of q this player becomes a dummy. The inequality indices, however, do not reflect this. The inequality scores are generally quite low indicating that there is small inequality in the system. This is a feature of the inequality indices which are not sensitive to low scores of a small number of players.
Applications

IMF Voting Games
The IMF has two decision making bodies, namely, the Board of Governors (BoG) and the Executive Board (EB). A total of 189 member countries make up the BoG. Each country has a specified voting share. The voting share or weight of a country is calculated as the sum of a basic weight plus an amount which is proportional to the special drawing rights of the country. The EB consists of 24 Executive Directors (EDs) representing all the 189 member countries. Eight of these directors are nominated by eight member countries while each of the other directors are elected by a group of countries. Each ED has a voting weight which is the sum of the voting weights of the countries that he or she represents.
The BoG is the highest decision making body of the IMF and is officially responsible for all major decisions. In practice, however, the BoG has delegated most of its powers to the EB 2 . Accordingly, in this work, we will consider only the voting game arising from the EB weights.
Actual weights of the members of the EB are available from the IMF website 3 . These weights range from the minimum of 80157 to the maximum of 831407. Since these values are rather large, for the purposes of computation of voting powers, we have divided these voting weights by 1000 and then rounded to the nearest integer. While this is an approximation, it does not significantly affect the voting powers. In particular, we have checked that no two members with originally unequal weights get the same weight after this rounding off process. The acutal weight vector that has been used to compute the voting powers is the following. , 310, 306, 273, 268, 267, 219, 208, 203, 203, 196, 170, 165, 162, 155, 154, 150, 149, 138, 131, 111, 101, 82, 80}. (10) The rules specify several winning thresholds 4 . We mention these below.
"Except as otherwise specifically provided, all decisions of the Fund shall be made by a majority of the votes cast." "The Fund, by a seventy percent majority of the total voting power, may decide at any time to distribute any part of the general reserve." "The Fund may use a member's currency held in the Investment Account for investment as it may determine, in accordance with rules and regulations adopted by the Fund by a seventy percent majority of the total voting power." "An eighty-five percent majority of the total voting power shall be required for any change in quotas." So, three possible values of q are used: q = 0.5, q = 0.7 and q = 0.85.
We have computed the similarity and inequality indices for the IMF EB voting game with q varying from 0.01 to 0.99 in steps of 0.01. The plots of BZ-SI w imf (q), PGI-SI w imf (q) and DP-SI w imf (q) are shown in Figure 10 ; the plots of (BZ, GI)-PI w imf (q), (PGI, GI)-PI w imf (q) and (DP, GI)-PI w imf (q) are shown in Figure 11 ; and the plots of (BZ, CoV)-PI w imf (q), (PGI, CoV)-PI w imf (q) and (DP, CoV)-PI w imf (q) are shown in Figure 12 
The following holds for the Banzhaf index:
• The plots of the two inequality indices have bell curve shapes. To a lesser extent, the same is also true of the similarity index.
• The maximum similarity is achieved for q = 0.60.
• For the Gini Index, the inequality in the power profile is closest to the inequality in the weights for q = 0.61.
• For the Coefficient of Variation, the inequality in the power profile is closest to the inequality in the weights for q = 0.60.
From Tables 1 and 2 we note that in comparison to q = 0.60, the choices q = 0.50, q = 0.70 and q = 0.85 are sub-optimal. Based on the above analysis, we put forward the suggestion that the winning threshold of q = 0.60 be seriously considered for any future possible change in voting rule. For q = 0.60, the actual values of the different power measures are shown in Table 3 .
EU Voting Games
Until Brexit is effective, the European Union Council has 28 members. It votes on different types of matters in three different ways 5 . The first is the unanimity voting where all members have to vote in favour or against for the motion to be passed or dismissed. In non-legislative issues, a simple majority voting is done where at least 15 out of the 28 members have to vote in favour. For most (80%) of the issues that are voted upon in the EU Council, the "qualified majority" method is used. This is stated as follows 6 . "A qualified majority needs 55% of member states, representing at least 65% of the EU population."
It is the qualified majority voting rule that we consider in the context of weighted majority voting games. The population percentages of the individual countries are available 7 and are reproduced in Table 4 . These percentages are the weights of the individual countries. For computation of the voting powers, the percentage values are multiplied by 100 to convert these into integers which are then used as the weights. This scaling does not affect the decision making process. In the qualified majority voting, the passing rule is a joint condition, one on the number of member states which are involved and the other on the population percentage. While analysing the joint condition would be more accurate, for the purpose of this work, we have worked with the simpler setting where only the winning condition on the population percentage is considered. This leads to a weighted majority voting game where the weight vector w eu is specified in Table 4 and the winning threshold is q = 0.65.
For the weight vector w eu given in Table 4 , we have computed the similarity and inequality indices with q varying from 0.01 to 0.99 in steps of 0.01. The plots of BZ-SI weu (q), PGI-SI weu (q) and DP-SI weu (q) are shown in Figure 13 ; the plots of (BZ, GI)-PI weu (q), (PGI, GI)-PI weu (q) and (DP, GI)-PI weu (q) are shown in Figure 14 ; and the plots of (BZ, CoV)-PI weu (q), (PGI, CoV)-PI weu (q) and (DP, CoV)-PI weu (q) are shown in Figure 15 . The actual values of these indices for the range [0.5, 0.7] are shown in Tables 5 and 6. Based on these data, we have the following observations.
1. As in the case of the IMF-EB voting game, the Holler and the Deegan-Packel indices are not good indicators of either the similarity to or the inequality present in the weights. So, again we focus only on the Banzhaf index.
The following holds for the Banzhaf index:
• The plots of the two inequality indices as well as the similarity index have a somewhat bell shape nature.
• The maximum similarity is achieved for q = 0.66. 
. Note GI-WI(w imf ) = 0.285042 and CoV-WI(w imf ) = 0.689527. • For the Gini Index, the inequality in the power profile is closest to the inequality in the weights for q = 0.66.
• For the Coefficient of Variation, the inequality in the power profile is closest to the inequality in the weights for q = 0.66.
So, the value of q = 0.66 is the best in terms of similarity and also for inequality measured by either the Gini Index or the Coefficient of Variation.
The value of q actually used in the EU voting games is q = 0.65. The corresponding similarity value and the values for Gini Index and Coefficient of Variation are shown in Tables 1 and 2 respectively. These values show that in comparison to q = 0.66, the choice q = 0.65 is sub-optimal but, very close. For q = 0.66, the actual values of the different power measures are shown in Table 7 . Unlike the case of the IMF voting game, our analysis shows that for the weighted majority game arising in the context of EU, the winning threshold is very close to the optimal value. So, our analysis provides some quantitative backing to the actual winning threshold used in the EU game.
Conclusion
In this paper, we have addressed the problem of quantifying whether a power profile adequately captures the natural variation in the weights of a weighted majority voting game. Ideas based on Pearson's Correlation Coefficient and standard inequality measures such as the Gini Index and the Coefficient Table 6 : Inequality as measured by GI and CoV in the EU Game. In the table h 1 (q) = (BZ, GI)-PI weu (q), h 2 (q) = (PGI, GI)-PI weu (q), h 3 (q) = (DP, GI)-PI weu (q), k 1 (q) = (BZ, CoV)-PI weu (q), k 2 (q) = (PGI, CoV)-PI weu (q), k 3 (q) = (DP, CoV)-PI weu (q). Note GI-WI(w eu ) = 0.605671 and CoV-WI(w eu ) = 1.272825. of Variation have been used in the formalisation. These ideas have been applied to the voting games arising in the context of the IMF and the EU. We provide concrete quantitative evidence that the actual winning threshold used in the IMF games is sub-optimal and instead propose a new value of the winning threshold which has firm theoretical justification. In the case of the EU game, the actual value of the winning threshold used is close to the optimal value. So, in this case, our analysis provides some quantitative backing to the value of the winning threshold that is actually used. 
